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I.  Introduction

The concept of fuzzy set was introduce by Zabeh [8] in 1965. Jian Miao chen [2] introduced the fuzzy matrix
partial ordering and generalized inverse. Bertoiuzza [1] introduced the distributivity of t — norm and t —
conforms. In 1995, Ragab. M. Z and Emam E.G. [3] introduced the determinant and adjoint of a square fuzzy
matrix. Meenakshi A.R and cokilavany R. [7] introduced the concept of fuzzy 2 normed linear spaces.
Nagoorgani A and Kalyani G [5] introduced the fuzzy matrix m — ordering. Zhou Min na [9] introduced the
characterizations of the minus ordering in fuzzy matrix set.In this paper we introduce fuzzy adjoint ordering
with fuzzy soft matrices using the structure of M, (FS) the set of (nxn) fizzy adjoint ordering with fuzzy soft
matrices is introduce and its applied adjoint of fuzzy soft matrix in decision making problem

I1.  Priliminaries
In this section, we recall some basic essential notion of fuzzy soft set theory and fuzzy soft matrices

Soft set 2.1 : Let U be an initial set and E be a set of parameters. Let P(U) denotes the power set of U. let ACE.
A pair (Fa, E) is called a soft set over U, where F, is a mapping given by Fa:E->P(U). such that Fa(e)=® if e B
A. Here F, is called approximate fraction of the soft set (Fa,E). The set Fa(e) is called e — approximate value
set which consist of related objects of the parameter e€F. In other words, a soft set over U is a parameterized
family of subsets of the universe U.

Example 2.1 : Let U = {ul,u2,u3,ud} be a set of four shirts and E = {blue (el), green (e2), yellow (e3)} be a set
of parameters if A = {el,e3} C E. Let Fa (e1) = {uy,us,us} amd  Fa(e3) ={u2,u2,u4} then we write the soft set
(FaE) = {(el,{ul,u3,ud}), (¢3,{ul,u2,u4})} over U which describe the “Colour of the shirts” which Mr. X is
going to buy.
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We may represent the soft set in the following form.

U Blue(el) Green(e2) Yellow(e3

U, 1 0 1

U, 0 0 1

Us 1 0 0

U, 1 0 1
Table:2.1.1

FUZZY SOFT SET2.2: Let U be an initial universe set and E be a set of parameters. Let P(U) denotes the set
of all fuzzy sets of U. Let ACE. A pair (Fa,E) is called a fuzzy soft set (FSS) over U, where Fa is a mapping
given by Fa : E 2 P(U) such that Fa € = @ if e EA, @ is a null fuzzy set.

Example 2.2 : Consider the example 2.1 here we cannot express with only two real numbers 0 and 1, we can
characterized it by a memberships function instead of crisp number 0 and 1, which associate with each element a
real number in the interval [0,1] then.

(FaE) = { Fa(el) = {(u1,0.3), (u2,0.9), (u3,0.4), (u4,0.7)},
Fa (e3) = {(u1,0.5), (u2,0.6), (u4,0.8)}} isthe fuzzy soft set representing the “Colour of the Shirts”

which Mr-X is going to buy. We may represent the fuzzy soft set in the following form.

U Blue(el) Green(e2) Yellow(e3

U, 0.3 0.0 0.5

U, 0.9 0.0 0.6

Us 0.4 0.0 0.0

U, 0.7 0.0 0.8
Table 2.2

2.3 The complement of a fuzzy soft set : The complement of a fuzzy soft set (F,A) is denoted by (F,A)° and is
defined by

(F,A) = (F°,A) where, F*:A>P(U) is mapping given by F(co)=[F(c0)]° ¥oo€A.

2.4 Fuzzy Soft Matrices (FSM) : Let (Fa,E) be a fuzzy soft set over U, then a subset of U X E is uniquely
defined by Ra={(u,e)}; e€A, u € Fa(e)} which is called relation form of (Fa,E) the characteristic function of R
is written by pra : U X E = [0.1], where pgra (u,e) € [0.1] is the membership value of u €E for each e € U.

If [ui]] = nra(ui,ej), we can define a matrix

pnil  pl2 .. pln
[Hij]mxn =|n21 u22 .. pin
puml pm2 .. pmn

which is called an mxn soft matrix of the soft set (Fa,E) over U.
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Therefore we can say that a fuzzy soft set (Fa,E) is uniquely characterized by the matrix [pj]m«n and both
concepts are interchangeable.
The set mxn fuzzy soft matrices over U will be denoted by FSMpny

Example 2.3
Assume that U ={ul,u2,u3,u4,u5} is a universal set and E={el,e2,e3,e4} is a set of all parameters.
If A € E ={ele2,e3,e4} and (F1,E) ={ F(el)= {(u1,0.3), (u2,0.4),(u3,0.6),(u4,0.7),(u5,0.5)}
F(e2)= {(u1,0.2),(u2,0.7),(u3,0.1),(u4,0.8),(u5,0.6) }
F(e3)= {(u1,0.1),(u2,0.3),(u3,0.5),(u4,0,4),(u5,0.9)}}
Then the fuzzy soft matrix [p;]can be written as

0.3 0.2 0.0 01
04 07 0.0 0.3
[Wilmo = |06 0.1 0.0 0.5
0.7 0.8 0.0 0.4
0.3 06 0.0 0.9
Definition 2.5 [15]:Let U ={cl,c2 ....... cm} be the universal set and E be the set of parameters given by

E={el,e2,e3,....en}. let the set of all mxn fuzzy soft matrices over U be FSMpy,. Let A, BEFSM,,,. Where
A=[aj]mn, @ = (i), wpc(i)) and B=[aij]mmn, Di=(Ajic(i)),A2c(i)). To avoid degenerate case we assume that
min(pjc(i),Airc(i))>max(ppc(i),A2c(i)) for all i and j. we define the operation “addition(+)” between, A+B=C,
where C=[Cij]mxn, Ci=(max(pjic(i),Ajuc(i)), min(pjc(i),Aipc(i)). If ppc(i) = Apc(i) = 0 ¥ i, j, then one definition
reduce to A+B=C, where C=[Cij]mxn

Cij = (max(ujlc(i),lec(i)),min(0,0) (maX(p.le(i),)leC(i), 0)

= max(pjic(i),A1¢(i)), which is the define of addition(max) of two fuzzy matrice [2] in the usual sense three
fuzzy reference is 0.

Definition : 2.6 [15] : Let A, BEFSMpy,. Let the corresponding membership value, matrices be
MUA)=[{p(Aijlmn and MyB)=[{pB)ijlmxn, i=1,2,3,....m; then j=1,2,3,...... n. Then the score matrix p(A,B)
would be defined as p(A,B)={ piJma Where pjj — p(A); — p(B);.

Definition: 2.7 : Let A=[{ij]mx €FSMmx, the determinant of A, denoted as det(A) or |A|, is defined as

A= 2 e w1 (Dp2r(2) ... ynw (n)

Where the summation is taken over all = of S,,.

Definition: 2.8: The determinant of the fuzzy soft matrix A of order 2 is denoted by

(ullc(1), (u12¢(1) (u21c(1), p22¢(1)
(u11c(2), (u12¢(2)  (n21c(2).p22c(2))

Al =
= [max {min(psc(1), p21(2))},min {max(pz1¢(1), H220(2)), Max(paz€(1), pa2€(2))}].
Definition: 2.9 : The determinant of the fuzzy soft matrix B order 3 is given by

(311c(1),312¢(1)) (221c(1),222¢(1)),  (A31e(1).232c(1))

IB| = (311c(2).212¢(2)) (221c(2),222c(2)).  (231c(2).232c(2))
(#A11c(3),212c(3)) (321c(3).322¢(3)). (331c(3).232c(3))
B . (121c(2)222c(2))  (231c(2).232¢(2))
Bl = (11e().M12e(1)) |510(2)322c(3))  031c(3).032¢(3))

(111c(2),212¢(2))  (R31c(3).232¢(2))
(311c(3),312¢(3))  (331c(3).232c¢(3))
(311c(2),312c(2))  (h21c(2) 222c(2))
(311c(3),312¢(3))  (:21e(3) 222¢(3))

=(Mac(1), Aoc(1)) [ max {min((A21¢(2), A31¢(3)), min((As16(2), 221¢(3))},
min {max(A(2), A52¢(3)), max(A3>0(2), A22¢(3))}]
+(ha1c(1), Azzc(1)) [ max {min((A11¢(2), Az1¢(3)), min((Az1c(2), A11¢(3))},
min {max(k12(2), }\.320(3)), maXO\.320(2), }\.12C(3))}]

+ (221¢(1).222¢(1))

+(231c(1), 432c(1))
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+(Aaie(1), Ag2€(1)) [ max{min((r1c(2), A21¢(3)), min((A21¢(3), A1c(3))},
min {max(A12(2), A2c(3)), max(Azc(2), A13c(3))}]

111, Adjoint Of A Fuzzy Soft Matrices
In this section, we introduce adjoint of a fuzzy soft matrix.

Definition: 3.1 : The adjoint matrix of an nxn fuzzy soft matrix. A is denoted by adj A and is defined as bij =
| Aij |where| Aij |is the determinant of the (n-1) x (n-1) fuzzy soft matrix formed by deleting row j and cdumn i
from Aand B = adj A

Definition: 3.2

The adjoint of the fuzzy soft matrix A in the order of 3 to be defined in our way.
bi1 =] Axr |= | (21(C2), 122(C2) Mar(C2), Ma(C2))

(121(C3), M22(Cq) Ha1(Ca), H32(C3))

= [Max {min(p21(C2), ps1 (C3) min (pz1(C2), pat (C3))}
Min {max (uz (C2), Ma1 (C3) max (psz (C2), M2z (C3))}H

b1z =] Asz |=](H11(C2), 11z (C2) pa1(C2), pa2 (C2))
(M11(C3), pa2 (Cp) Ma1(Ca), psz (C3))

= [Max {min (u11(C1), pa1 (C2) min (u21(C1), M1 (C2))}
Min {max (u12 (C1), 122 (C2) max (pzz (C1), pz (C2))}-

Similarly we find to the others.

Then

b11_ b, b13|A11||A2||A13|

adj A=| by;  bysbpsor | 21| |A22| |A23|
b3103203 A31| |A32| |A3|

Example: 3.1

Let as consider example 3.1
(0.3,0.00 (07.01) (0.60.2)
A=|(0.501) (0.9.0.5) (0.7.0.0)

(0.6,0.3) (0.7.0.1) (0.7.0.2)

Here
B _|(0.8,0.5) (0.7,0.0)

by = | Au | = |{n.?,u.1j (0.7,0.2)

= [max {min (0.9,0.7), min (0.7,0.7)},min{max (0.0,0.1), max (0.5,0.2)}.

=[max (0.7,0.7) , min (0.1,0.5)]

bll = (07,01)

Similarly

b12: A12 :(0.6, 02)

b13: A13 :(0.6, 01)

b21: A21 :(0.7, 02)

b22: A22 :(0.6, OO)

b23: A23 :(0.6, 01)

b31: A31 :(0.7, 01)

b32 = A32 :(0.5, 00)

b33 = A33 = (05, 01)

Hence the adjoint of the matrix A will be come.
(0.7.0.1y (0.6,0.2) (0.6,0.1)

adj A={(0.7.0.2) (0.5.0.0) (0.6,0.0)
(0.6,0.1) (0.7.0.1) (0.5,0.1)
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Proposition: 3.1
For A and B € FSM,,, we have the
Following.
1. A<B=adjA<adjB.
2. adj A +adj B <adj (A+B).
3. adj A" =(adj A)"

1. LetC=adjAand D adj B then be Cij = Eresnin [leen: [T () and dij = Evesning leens  pey (Wit is
clear that Cij < dij because pw ] (t) <y t[](t) for every t € nj.
2. Since A ,B< A+ B, itis clear that adj A , adj B <adj (A + B) and so
adj A +adj B <adj (A + B).
3. LetB=adjAandC=adjA’
Then bij = E.‘:ssr!ir!j' Hrfm' w ] (t) and Cij = E.':Esr!ir!_i' Hrfm' w [T (.
Which is the element bij = Hence (adjA)" = adjA" .

Proposition: 3.2
For A € FSMpy, we have | A|= |adjA|.

Proof:
By Definition 3.1
al1]  |a1z| e Aln |
adj A= |Ag1| |Ag2| """ |:qzn|
|an1| |An2]| ... | Ann |
|adjA | =Ereen | A(D) | | A ] ....... | Avm(n) | .

= mEsn nF:l | Aim(i) | .
= E.‘:’E.Bi’! [11 =1 (Eﬂssmﬂ.':[[j ]-_-[F!Ei"![ it ()]
= E.‘:E.Si’! [ (EEESI‘!L?!.': [ ]-_-[F!Ei’!l ntg(t))(EEESI’!:i’!.T [ ;!Ei"!l: it (1))
................. (Eg;_gﬂﬂﬂ,-;,:[:, Penn wtd (1))]
= E.‘:E.Si’! [(H rent 7'l'f‘['gl(t))(n renz it (t)) (]-_I renn ()]

For som 91 € Sn(l)nn(l)y 91 € Sn(2) N(2)s oeeeees 91 € Sn(n) nm(n)

= Zrem  [(mB1(Qme81(3) oo T8 1(n) (M1 o(D)meB(3) .o 85(n))

................ X (mBy(Dmfn(2)............ ] 018, (n-1))]

e [(B(DmBa(1) ........... (D)Mo 1(2)mB5(2) ... m84(2))

X[(n391(3)n392(3)n394(3) ........... 7'C3En(3)) ........... X(nnﬁ'l(n)nnﬁz(n) ........... nnﬁ'n.l(n))]

e [(Ba(DmBp() .......... T8 m(N))]-

For som f,e {1,2,...... n} {(h} ,h=1,2,.... n However because mem(h) #ahn(f,), We can see that men(n) =
ahn (f,). Therefore | adj A | =¥ rem (1) M2n(2)- - - - - --- Tn(n)- Which is the expansion of | A | .

Hence the proof.

IV.  Application Of Fsm In Decision Making
In this section, we are submitting the problem which is based on determinant and adjoint of FSM.

4.1 Determinant and adjoint of Fuzzy soft Matrices in Decision Making.

In this field, let us suppose U is a set of certain number of cities, E is a set of parameters related to healthy
environment of a city which vary with time. We construct a fuzzy soft set (F, E) over U representing the healthy
environment of a cities at an instant t, where F is a mapping F: E — F (U), F(U) is the set of all fuzzy subsets
of U. we further construct another, fuzzy soft set (G, E) over U representing the healthy environment of the
cities at an instant t*. The matrices A and B corresponding to the fuzzy soft set (F, E) and (G, E) are constructed.
We compute the complements (F, E) © and (G, E) © and write the matrices A and B corresponding to (F, E) ©
and (G, E) © respectively.

V. Algorithm
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1. Input the fuzzy soft matrices (F, E) and (G, E). Also write the fuzzy soft matrices A and B

corresponding to (F, E) and (G, E) respectively.

Write the fuzzy soft matrices (F, E) © and (G, E) ©. Also write the fuzzy soft matrices A and B

corresponding to(F, E) © and (G, E) € respectively.

Compute adj (A+B) and MV (adj A+B)).

Compute adj (A+ B) and MV(adj A+ B)).

Compute the score matrix Segj a+8) adj A+8)-

Compute the total score S; for each C;in U.

Find SK = max (S;). Then we conclude that the city CK has the maximum healthy environment

between the line instances t and t1 respectively.

8. If SK has more than one value, then go to step(1) and repeat the process by reassessing the parameters
for healthy environment.

N

No ok w

VII. Case Study

Let (F, E) and (G, E) be two fuzzy soft set representing the healthy environment of four cities U= {C1, C2,
C3}. Atinstants t and t1 respectively. Let E = {el (less — croundness), e2 (Noise - free), €3 (non - pollution)
} be the set of parameters which would vary with time.
(F, BE)={F (e1) ={(C4, 0.7, 0), (C, 0.5, 0), (Cs, 0.6, 0)},
F (e2) = {(Cy, 0.9, 0), (C,, 0.6, 0), (Cs, 0.7, 0)},

F(e1) ={(C4, 05, 0), (C,, 0.4,0), (C5, 0.9, 0)},
(G, E)={G (e)) ={(Cy, 0.6, 0), (C>, 0.4, 0), (C5, 0.5, 0)},

G (e2) ={(C4, 0.8, 0), (C,, 0.9, 0), (Cs,0.3,0)},

G (e3) ={(C41, 0.5, 0), (C2, 0.9, 0), (Cs, 0.6, 0)},

There two fuzzy soft sets are represented by the following fuzzy soft matrices respectively,
€ €63 €1 €63

c1[¢0.7.00 (0.9.0) (0.5.0) c1[c0.60) (0.80) (0.50)
A=c2|(0.50) (0.60) (0.40)| andB=c2|(0.40) (0.80) (0.9,0)
€3|(0.60) (0.7.0) (0.9.0) €3[(0.5.0) (0.3.0) (0.6.0)

The fuzzy soft matrices are representing the healthy environment of the three cities U= {C1, C2, C3} at
instants t and t* respectively all given by.

€1 €63 €1 €63
c1107) (109 (10.5) c1fc1.06) (108 (10.5)
A=¢2|(L053) (L0.6) (1.04)| ands=c2|(1.04) (L0.9) (L0.9)
€3[(1.0.6) (1.0.7) (10.9) €3[(1.0.5) (1.0.3) (10.6)

Then the fuzzy soft matrix adj (A+ B) representors the maximum membership for of healthy environment
of the cities between the time instances t and t*.

€1 €,63
c1 (0700 (0900 (0500
A+B=¢2 (0350} (090 {[].':'J,EI:]]
C3lf060 (0700 (090
€1 €263
c1|¢0a0y (0600 (060
Then adj (A+B) = ¢z |(0.2.00 (0.7.00 (0.7.0)
C3|(0.9.00 (0700 (0.7.00)
€1€2€3
c1[c0.9) (0.6 {n-rﬂ]
MV (adj A+ B) = ¢z (0.9 (0.7) (0.7)
C3|(03y (0.7) (0.7)

Again the fuzzy soft matrix adj (A + B) represent the maximum membership function of non — healthy
environment of the cities between the time instances t and t*.

€1 €,63
c1[L04) (105 (10.4)
A+s= 2 |(1.03) (L0353} (1L0.6)
c2|(10.6) (L05) (L0.6)
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[2]
(3]
(4]
]
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(7]

(8]
(9]

[10].

[11].

[12].

[13].

[14].

[15].

€16763
c1|(L.06) (L0.8) (L0.3)
adj (A+5) = C2((1.04) (1.0.6) (1.0.4)
c3|(1.05) (1.0.3) (L0.6)

€167€63
Cl[oe 0.5 0.
MV (adj(A+B)) =C2 [0.7 0.5 0.4
C3l0g 0.5 0.4

We now calculate the some matrix Sgj a+g) adj A+ 57 @nd total score for healthy environment of each city.
€1 €63
1

Staci A+B) adj (A+ ) = L2
3

04 0.2 0.3
8.5 0.2 0.3

.3 0.1 l'.'i]

Total score for healthy environment S; | 0.4
S, (0.9
S$:11.0

We see that S; has the maximum value and thus conclude that the city C; has got highest total score and
hence the city having the most healthy environment among all the cities between the instances t and t*.

VII1I. Conclusion
We have applied the adjoint of fuzzy soft matrix in decision making problem. We hope that give approach
will be useful to handle different uncertain problem.
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